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Introduction

THE purpose of this Note is to explore the initial value
formulation for nonlinear static structural mechanics
problems. It is assumed that the nonlinearities are due to
small plastic strains and/or large deflections.

Probably the most widely used methods for nonlinear
structural analysis by the finite element approach are the
ineremental procedure of Turner, Dill, Martin and Melosh!
for large deflections and the tangent stiffness method of
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Pope? for plastic strains. In either case, the incremental
procedure requires that new stiffness matrices be computed
and “inverted” at each load increment and, consequently,
requires the expenditure of large amounts of computer time.
Until recently, however, the incremental and Newton-
Raphson approaches were the only methods capable of solving
for highly nonlinear behavior. In this Note, an alternative
approach, a self-correcting initial value formulation, is pre-
sented which may be used to solve for highly nonlinear be-
havior. The method is demonstrated by solving for the
geometrically nonlinear behavior of a single degree-of-free-
dom system and for the deflection of a spherical cap under
a point load at the apex.

Initial Value Formulation

The analysis of nonlinear problems by either the finite
element method or the finite difference method gives rise
to the set of equations:

(K¢} = P{P} + {Q} 1
where [K] = linear stiffness matrix, {¢} = generalized dis-
placements, P{P} = generalized forces due to applied ex-
ternal loads, P = convenient normalizing factor, {Q} =

pseudo generalized forees due to nonlinearities and dependent
on the displacements.

Taking the derivative of Eq. (1) with respect to the scalar
P yields Co

[K1{¢} = {P} + {Q} @)

where a dot indicates differentiation with respect to P.

Equation (2) is one form which has been solved. By using
chain rule differentiation on @), another form of Eq. (2) is
obtained.

{Q} = [K*1{g} @)
where the elements of K* are given by
ki* = 0Q:i/0q;
Substituting Eq. (3) into Eq. (2) yields the equation
(IK] + [K*D{g} = {P} 4)

The solution of Eqgs. (2) and (4) which tends to drift away
from the correct solution may be corrected by adding, to
either Eq. (2) or (4), the unbalance of force f given by

{5t = —[Kl{q} + P{P} + {Q} 6)

Multiplying Eq. (5) by an arbitrary factor Z and adding the
result to the righthand side of Eqs. (2) and (4) yields:

K1({g} + Z{q}) = A + ZP){P} + Z({Q} + {Q}1/2) (8)
(IK1+ K*Dig} + ZIK){q} = (A + ZP){P} + Z{Q} (7)

Equations (6) and (7) are seli-correcting first-order differen-
tial equations and to the author’s knowledge have not been
presented previously. If Z = 1.0 and an Euler forward

Table 1 Single degree-of-freedom studies®

Maximum
load,
Case Z(P)? AP 1b Comment
1 224 0.2 79 Numerically unstable
2 112 0.2 264 Numerically unstable
3 56 0.2 870 Numerically unstable
4 56 0.2 >1160 Stable
5 632 0.1 142 Numerically unstable
6 316 0.1 >600 Stable
7 1789 0.05 >300 Stable
8 894 0.05 >300 Stable

@ C = 702/2 except for Case 4 where C = 0.2 (AP)Z.
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difference is used for ¢ in Eq. (7), the corrective procedure
given in Refs. 3 and 4 is obtained.

A second derivative form is obtained by differentiating
Eq. 2 with respect to P and adding the unbalance in force
and its first derivative to the righthand side

Kl{g} = {Q} + 2{5} + ¢} ®)

where C is an arbitrary factor. Using Eq. (5), Eq. (8) be-
comes:

K1({g} + ¢{g} + Z{q}) = (C + ZP){P} +
ZUQ} + C/Z{Q} + (1/D(Q}1 @

The lefthand side of Eq. (9) is the equation for simple har-
monic motion with a damping coefficient € and an undamped
natural frequency of (Z)¥?rad/lb, and thus should provide
insight into selecting values for C and Z. The righthand
side may be interpreted as a foreing function.- In this in-

vestigation the @ term has been neglected.

Solution Procedure

Equation (9) is solved by using a four point backwards
difference (Houbolt) for ¢ and a three point backwards
difference for ¢. Starting values for the solution procedure
are obtained by successive approximations. The recursion
relation involves a single matrix multiplication or solution
and the addition of four vectors, and due to this simple rela-
tion, the computer time used per load increment is quite
small. However, the biggest saver of computer time is the
fact that the stiffness matrix is “inverted” only once for the
solution.

Sample Problems

The first problem is a single-degree-of-freedom system
shown in Fig. 1. The different cases are tabulated in Table
1. The following points should be noted with regard to
Table 1: 1) Changing the value for C in going from case 3
to case 4 increases the stability. 2) A greater than sign (>)
simply indicates that the case was terminated due to some
reason other than numerical instability. 3) The stability
is very much dependent on the load increment and the value
selected for Z. A reduction in either variable enhances
stability. 4) The solution by successive approximations
diverges at 22 lbs. Thus, all the cases represent highly
nonlinear behavior.

Figure 1 presents the solutions for cases 2 and 8 for low
values of the load and compares the results with a Newton-
Raphson solution. The oscillatory nature of the solution is
noted in both cases with the higher-frequency oscillations
oceurring for the larger values of Z. 1In all cases, however,
the oscillations quickly subside and the solution returns to the
true solution.

One case was run without the spring shown in Fig. 1 which
produces a snap buckling problem. It was found that Eq. (9)
yielded a solution in the prebuckled state and then went to
the postbuckled state. After a few oscillations, the solution
converged to the postbuckled solution. This has interesting
implications with regard to postbuckling analyses and will
be reported elsewhere.

The second problem chosen for study was a shallow spheri-
cal cap under a point load at the apex (Fig. 2). The matrix

Table 2 Shallow cap studies

Maximum
load,
Case Z(P)V? AP C Ib Comments
9 6.7 0.2 0.2(AP)Z >275 Stable
10 126 0.1 78-2/2 50 Numerically
unstable
11 447 0.05 70-2/2 >150 Stable
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Fig. 2 Load deflection curve for shallow cap.

displacement method was used for the analysis. This par-
ticular problem was selected because it exhibits highly non-
linear behavior. For example, the method of successive
approximation may be used only to loads below 15 lb. The
results for the deflection at the apex vs load are presented in
Fig. 2 with the definitions of the different cases being given
in Table 2.

" The results presented in Table 2 again show that stability
is strongly influenced by the load increment and the value
selected for Z. However, surprising is the accuracy that
may be obtained using a load increment of 0.2 b and a
Z(P)Y2of 6.7. 'This corresponds to a value of Z equal to 1.0 at
45 1b of load. Despite the low value of Z, the solution still
oscillates about the true solution. 1In all cases, the oscillations
subside after a few cycles.

No attempt was made to compute the stresses in these
example problems. However, no difficulty is expected as
Tq. (9) shows that alt degrees of freedom have the same natural
frequency and damping coefficient. Thus, at loads where
oscillations occur, the stresses should also oscillate about the
true solution.

Conclusions and Recommendations

Enough experience has not been obtained with the seli-
correcting initial value formulation for a complete evalua-
tion, and in its present form it may not be highly accurate.
However, it is believed that the results presented definitely
show the feasibility of the method and justify pursuing the
research further; in particular, the method should be ap-
propriate for design purposes where long computer runs are
not desirable. In this regard, the following lines of pursuit
are recommended: 1) Use of a variable load increment with
a smaller increment being used at the larger loads. 2) Pursue
other methods of solution. The very simple form of the left-
hand side of Eq. (9) may lead to a solution procedure which
is both accurate and stable. 3) More research is needed
on the proper selection of Z and C. 4) For plastic non-
linearities, the oscillatory behavior must be removed.

References

1 Turner, M. J., Dill, E. H., Martin, H. C., and Melosh, R. J.,
“Large Deflections of Structures Subjected to Heating and Ex-
ternal Loads,”” Journal of the Aerospace Sciences, Vol. 27, No. 2,
Feb. 1960, pp. 99-106.

2 Pope, G. G., “A Discrete Element Method for Analysis of
Plane Elasto-Plastic Stress Problems,” The Aeronautical Quar-
terly, Vol. 17, 1966, pp. 83-104.

s Stricklin, J. A., Haisler, W. E., and Von Riesemann, W. A,
“Geometrically Nonlinear Structural Analysis by the Direct
Stiffness Method,” Journal of the Engineering Mechanics Division
submitted for publication, Aug. 1970.

4 Hofmeister, L. D., Greenbaum, G. A., and Evensen, D. A,,
“Large Strain, Elastic-Plastic Finite Element Analysis,” ATAA
Journal, Vol. 9, No. 7, July 1971, pp. 1248-1254.



